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1. INTRODUCTION

Let L{¥ (¢> —1) denote the Laguerre polynomials of degree j where «
is a parameter. For fe C[0,1], consider the Bernstein power series
operator [2]

P == e (25) § (L) e 0sveast,
| (1.1)

j=0

where w <0 is a parameter. Cheney and Sharma [2] proved that, for
ve [0, al,

P(f.v)>f(v), asn— oo and %—»0, (12)

and the convergence is uniform. Khan [5] provided a probabilistic proof
of (1.2) by using weak convergence of probability measures. For
w =20, (1.1) reduces to the modified Meyer-Konig Zeller operator:

n+1 / n+] i
M v)=(1—v) Zf(Hn)(j )v. (1.3)

Cheney and Sharma [2] proved that if /' is convex then
M, (fiv)Z2M, (fv) (1.4)

for all n. By using properties of conditional expectations of negative
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binomial distribution, Khan [5] provided a simple probabilistic proof of
(1.4). The Meyer-Konig Zeller operator (unmodified) is defined as

— n+1 / n+j 7
K,(f,v)= (1) /;Of<j+n+l)< ) ) (15)

Convergence properties of K,(f, v) are available in [9, pp. 164-169] for
differentiable functions. K,(f, v) is analogously extended to

(n J
) St

0<v<a<]1, where w <0 is a parameter.

In this paper, the rates of convergence of (1.1) and (1.6) are obtained for
both continuous functions and discontinuous functions of bounded varia-
tion. Furthermore, it is shown that (1.4) type inequality holds for (1.5)
when f is continuous and convex.

Z(fiv)=(1—v )"“exp(

2. AN EXTENSION

Many classical operators can be simultaneously studied by the following
operator. Let {X, ,;j=1,2,..,n;n>1} be a triangular array of independ-
ent random variables such that for each fixed n, X, ,, X, ,, .., X, , are
identically distributed with E(X; ,)= p,(x) and finite variance Var(X, ,)=
02(x)>0, where xe IR is a real parameter. Define S,=X, ,+ --- +
X, .- Let h be a well-defined measurable function on R and let {a, |} be a

sequence of positive numbers. Define an approximation operator by
A,(h,X)= E{h(a,S,)}=|  h(a,u)dF, () (21)

when E|h(a,S,)| < oo, where F, (u) is the distribution function (d.f.) of
S, I X, ,, j=1,2,..,n, are identically distributed for all n, p,(x)=x,
02(x)=0%x)>0, and a, = 1/n then A,(h, x) reduces to the Feller operator
[3]1. Khan [5, 6] studied the properties of the Feller operator for he C(R).
Khan [4] provided the rate of convergence of the Feller operator for
he BV(R).

It is simple to verify (see [5] for example) that a number of classical
operators, such as Bernstein, Szasz, Baskakov, Gamma, and Weirstrass
operators, are special cases of the Feller operator. However, to study (1.1)
and (1.6) one needs the extension provided in (2.1).

To show that (1.1) and (1.6) are special cases of (2.1), we proceed as

640/57/1-7
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follows. Let X, ,, X, ..., X, ., be a sequence of independent and identi-
cally distributed triangular arrays of random variables with the probability
mass function (which we will refer to as the Laguerre distribution)

*

Py, =)= (1= ) exp (15 L) v

for j=0,1,2,.,0<v<a<l,vo*=w/(n+1),0w<0. The generating
function of X, , is

Pxo (5)=(1—v) exp(w*v> (1—s0)"" exp (—w*sv) '

1—v 1—sv

The generating function of S, , , =X, ,+ X, ,+ --- + X, , is obtained by
the convolution property as

05 (s)=(1—v)""'exp ﬂ)(l—sv)*‘"“)exp(—wsv ‘
n+1 l_v l—sv

By comparing ¢g,, (s) with the generating function of Laguerre polyno-
mials [8], the probability mass function of S, is obtained as

RS, === ep () L@, (22)
-V
j=0,1,2,..,0<v<a<1, w<0. Clearly, for feC[0,1] and ve[O0,a],
a<l,

Sn+1
n+5n+l

P =E{f( )= Etha, 15,0

where a,.,=1/n, h(t)=1(r(1)), r(t)=1/(1+1), 120. Hence, P,(f,v)=
A, . (h, x) where x =v/(1 —v). Similarly, if we take a,,,=(n+1)"" then

Z,(f,v)=4,..1(h, x).
The following identities concerning Laguerre distribution will be needed
in the sequel,

vV—(1—w*)v

E(Xo.) = ===y (2.3)
* ) y2 *

Var(X,, ) = -2 )(:jl()‘f L (2.4)

E(X,,) =—1 2 (2.5)

(v—1°’
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where

1, =0+ (To* + 1) v* + (60*? — 4w* — 8) v*

T, =(0* = 30w*? — 120* + 8) v} + (=30*? + 8w* — 1) v + (0* — 1) v.

3. MaN REsULTS (CONTINUOUS CASE)

THEOREM 1. Let A,(h, x) be as defined by (2.1) and he C(I). Then for
n=12, ..

14,0 )= M) < (1 KofoD) o (B =)
where w(h, 8} is the modulus of continuity of h and
K, (x)=(na,0,(x))* + n(na,p,(x) — x)* (3.1
Proof. For >0,
|h(y) —h(x)| < (1 + [}y —x|/6]) w(h, 6),
where [z] is the greatest integer <z. Therefore,
|4,(h, x) — h(x)| < E|h(a;5n) —h(x)|
< (1 +E[la,S,—x|/6]) w(h, 5)
<(1+ E(a,S,—x)*/6*) w(h, 8)
=(1+ {a; Var(S,) + (na,u,(x) — x)*}/86%) w(h, 5).
By taking § = 1/\/ﬁ, the result follows.

LEmMA 1. Let X, .., X, , be a sequence of independent and identically
distributed (for all n) non-negative random variables with finite expectation.
Let {a,} be a sequence of positive numbers such that {na,} is non-increasing.
Then

a.s.
E{an415n~ i l Sn} 2 anSn'
Equality holds if {na,} is constant.

Proof. Tt is well known [5] that

Snfl
E(n—l

as. Sn
s,,) s On
n
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Therefore, if {na, } is constant, then the lemma follows. Otherwise,

E(a, S, |S,) = a, E(S,_ IS,

n—1
a,,71 n Srl

a,S

" n

I
o

Il

=
i~

VA

since {na,} is non-increasing.

THEOREM 2. Let A,(h,x) be as defined in (2.1) where X, , are non-
negative random variables identically distributed for all n. Let h be
non-decreasing and convex and {na,} be a non-increasing sequence of
positive numbers. Then for n=12, 3, ...

A, _(h, x) =2 A,(h x)
Proof.
A, _y(h, x)=E(h(a, S, _))
=E{E(h(a,_S,_)|S,)}
= E{h(E(a,. S, _|S.))} Jensen’s inequality
> E{h(a,S,)} monotonicity and Lemma 1

=A,(h, x).

Remark. h need not be non-decreasing in Theorem 2 if a,=1/n [5].

4. MAIN REeSULTS (DISCONTINUOUS CASE)

In this section, unless otherwise stated, it will be assumed that # is a
normalized function of bounded variation. Also, it will be assumed that
E|X} .| <o for n=1, 2, ... The results obtained in this section extend the
results in [4]. The following theorem, an extension of the Barry-Esseen
bound for the central limit Theorem [7, pp. 62], will be needed in the
sequel.

TaeoREM 3. Let {Y, ,,j=1,2, ., n} be a triangular array of random
variables. Suppose that for each n the random variables Y, ,, .., Y, , are
independent with zero means, and are normalised so that their variances add
up to one:

S EY:)=1, nxl

Jj=1
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Also, let max, ;, E(Y;,)>0 as n—>c and let T,=3%7_,Y,,. Assume
that Lindeberg’s condition holds,

Y E(Y:, Y, >e)—>0 as n— oo forall e>0,

j=1

where 1 is the characteristic function. Then there exists a numerical constant
c < oo such that for all z and all n, if F} is the df. of T, and G* is the df.
of a standard normal random variable, then

|F¥(z)—G*z)i<c Y E|Y,,I%
j=1
Here
G*(z)=

g —ul/2
e """ du.
J2n f —x
In our case, namely (2.1), X, ,, X, ,,, .. X, , are identically distributed.
Define

__Xj.n_p'n(x)

Yu= :
t e (x)

Clearly, max, ;, E(Y;,)=1/n—0 as n— co. Furthermore, Lindeberg’s
condition would hold if

_ 3
lim E_|).(‘s_”“_"({)|_=0.

e /noi(x)

For Bernstein power series, namely (1.1) and (1.6), E| X, , — u,(x)|> = O(1)
and ¢2(x)— x(1 —x)~2 Therefore Lindeberg’s condition would hold.

Hence, Theorem 3 simplifies to

<CE|X1,n_“n(x)|2

Vo)

[F% (2) = G*(2)|

where

S
Frz)=P (ﬁ (f—u,&x))/o,,(x) SZ).

THEOREM 4. Let he BV(— 0, o), and

_ 3
fim B =

e nel(x)
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Then for every xe(—o0, ©) and all n=1,2, ..., for the operator (2.1) we
have

alX) Qulx) »
Vlk x h ]
kz=:0 (g:)+ \/;l (x)

A (h, x)— h(x)| <2 .

where I, =[x— 1/\/1;, X+ l/ﬁ], k=1,2,.,n Ij=(—o, ®) Plx)=
2K, (x)+ 1, where K, (x) is provided in (3.1),

_SC‘El‘Xl,n——Nn(-x)l3 ]nanun(x)—xl
CE=TTN0R T arae)

R(x)=1h(x )= h(x )|, A(x) = (h(x* )+ h(x))/2, ¢ is given in Theorem 3,
and

0 if t=x
h(t)y—h(x") if t<x.

h(t)—h(x™) if t>x
g:1)= i

Proof. Note that since 4 is normalized,

_ A(xt)—h(x~
) = gt0) + ) + I ) o
where
—1 if t>x
sgn (1) = 30 if r=x
1 if r<x
Hence,

| A(h, x) = H(x)| < | Au(8> X)| + 3 A(x)| 4, (580, X)!.

First consider
A,(sgn,, x)=P(a,S,>x)— Pa,S,<x)
=1-—-2P(a,S,<x)+ P(a,S,=x)
=2(3—F} (1)) + F2 (07)— F3 (1),
where ¢, = (x —na, 1,(x))/a,0,(x) \/)_1). Therefore,
|4, (sgn, x)| S2UFY (1,) = G*(O) + |F} (t,) — F7 (£;))-
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Now
|4.(sgn., X)| S2{UFE (t,) — G*(1,)] +1G*(1,) — G*(0)| }
+IFx 1) = G*t,) +[G*(1,) — Fx (1)l
Note that for any ¢,
|FX (1) = G*(e,) Smax{[F} (1, +&,) — G*(1,)], [F¥ (1, —¢&,) — G*(1,)| }.

Now
|F:‘, x(tnign)_- G*(tn)l < |F:‘,x(tni8n)_—G*([ni8n)|

+ |G*(tn iE")— G*(tn)l

It is easy to verify that for all ze (— o0, ©),

|G*(z £ &,) —G*(2)l < &, .

1
N

Therefore, by Theorem 3,

cE| Xy, — py(x)I? lt I}

A S x) <2
Ayfsen. i <2 N
+2CEIX1,n—ﬂn(x)| + |£n| .
\/Zai(x) \/ﬂ
Take ¢ —c\/ﬂEle,,—-u,, /\/?;on(x Then,
2 {50E|X1,n—un( x)|? Ix—na un(x)l}

203(x) \/_na 6,(x)

|4,(sgn., x)| <

S~ Sl

Qu(x).

Now consider 4,(g., x), g, € BV(—00, ©), g,(x)=0. For simplicity of
notation ¥V, »1(g.) = V. 5 Will denote the total variation of g, on [a, b].
The following technique is due to Bojanic and Vuilleumier [1],

A b = ) - h 4 dFﬂ X b
o) =(]7 ] [ ) et
where F, ()= P(a,S,<t),a=x—1//nand f=x+1//n;

|
| jw) () dF, (1)

<] lad0—gldF, ()<Y, @)



98 MOHAMMAD KAZIM KHAN

Integrating by parts, one gets

[" etndr, (=g Fo+ [ F undi—g )

— oG

where F:,,'x(t) is the normalized form of F, (r) and 1<a<x,
ld(—g (N <d(=V, ). Also

F, ()<F, (t)=P(a,S,<1)
< Pla,S,—x| > |t—x|)
)2

< E(a,S,—x)

5 by Chebyshev’s inequality.
(1—x)

Let ¢,(x)=E(a,S,—x)’=na}oi(x)+ (x—na,u,)>. Therefore, F, (2)<
né,(x). Hence,

o x 1
|| adF, 0| <nVi &+ 60| e dd= Vi)

Integrating by parts and a change of variable, one gets

2 1 n n
A~V | Vi vn qdt <Y Vi g1z o1
J*x’(x_t)z t( [l,x]) J;) [ 2 x] kgo [ k x)

where for k=0, [x —k "% x]=(— o0, x]. Hence,

Ji gx(t) an.v(t)’ <2én(x) Z V[x»k‘l/z,x]' (42)

Similarly, by using the fact that S, (1)=1—F, (¢)=P(a,S,>t)is the left
continuous, non-increasing survival function for the random variable 4, .5,
one gets

J‘OO gx(l) an r(t). <2én(x) Z V[x,x+k‘”2]' (43)
B k=0

Combining (4.1), (4.2), and (4.3), we get

2 1 Z
ity 0] <202 S

By letting P,(x)=2n¢,(x)+ L, the theorem follows.
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5. SPECIAL CASES

In the following, a few examples are provided. The emphasis is to show
the versatility of Theorems 1, 2, and 4 and to provide explicit expressions
for K,(x), P,x), and Q,(x) in each case.

5.1. Feller Operator
Let X, ,, X;,, .,X,, be independent and identically distributed

random variables for all n=1, 2, ... (i.e,, the df of X, , does not depend

on n) such that E(X, ,)= p,(x)=x, Var(X, ,)=02(x)=0*x). Let a, = 1/n.

Then

u

A,,(h,x):L,,(h,x)=F h( )dF,,_x(u).

n

L,(h, x) is known as the Feller operator (cf. [5]). Now K,(x)=¢?*(x) and
Theorem 1 specializes to

|L,(h, x)—h(x)]| <(1 +6*(x)) @ <h, L) . (5.1)

N

This result is given in [5], Since na, =1, Theorem 2 provides that
L,,,7 l(ha X) 2 Ln(h’ x)

for convex functions 4. This result is proved in [5] as well. By Theorem 4,
we get

_ 20%(x)+ 1

- ScE|X,,—x|* ~
Lk, x)— B < 20 F L gy, 2B X ]
k=0

—— h(x).
\/;1 203(x) )

This result is provided in [4]. For specific examples for Bernstein, Szasz,
Baskakov, Gamma, and Weirstrass operators see [4, 5, 6].

n

5.2. Bernstein Power Series (Modified)

As shown in Section 2, P,(f,v)=A4, . ,(h, x) where a,,,=1/n, h(t)=
f(r(#), r(t)=1t/(1+1¢), 120, and x =v/(1 —v). Now X, ,, X| ,, ... X,, , are
independent and identically distributed random variables with

v

v) LOw*) v

P, =)= (1= vexp 0"

1
1+ x

j
= exp(w*x) L (w*) (ﬁ) ,
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j=0,1,2, .., 0*=w/(n+1), and 0 <0. From (2.3), (2.4), and (2.5),

E(XO,n)zlun(x)z_ =X_X(1+x)w*

- X as n-— o

(1+w*) v+ (w*—=1)v
(v—1)>

oi(x)=Var(X, ,) = =x(1+4x)(1 — 0* —2w*x)

->x(14+x)=0%x) as n—o©

E(Xy ) =A(x)= —x(x*+ (To*+ 1) x*(x + 1)
+ (6w*? —dw* —8) x}(x +1)°
+(0* —30*? — 120* + 8) x*(x +1)3
+(—3w*? + 8w* — 1) x(x+1)*
+(w*— D(x+ 1)),

Hence,

n+1

K,,H(x):( ) x(1 + x)(1 —w* —2w*x)

2

+(n+l)<n:—1(x—x(1+x)a)*)—x> .

Clearly lim K, , (x)=x(1+ x). By Theorem 1,

n-— o0

PV — ) = Ay s 1B %) — B < (14 Ky (6)) @0 (h, %)

n

Since w(h, 6) < w(/f, ), by Theorem 1 one gets

P10 <14+ Ko (7))« (~ —};) .

Note that if 0<v<a<1, then the convergence is uniform. Also, if f is
increasing and convex on [0, 1] then 4 is increasing and convex on [0, co).
Since {na,} is non-increasing, by Theorem 2, for increasing convex
functions f, n=3,4, ..,

M, _(fiv)=A4,_ (hx)2A,(h,x)=M,_(f,v).
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To apply Theorem 4, first note that if fe BV[0,1] then he BV[0, ).
Extend A(t)= h(0) for t<0. From (2.3), (2.4), and (2.5) we get

E| Xy, — al0)]> < pulx) = 40(x) + 3p,(x) 05(x) + Tp().

Hence,
2Kn+l(x +1°&!

2 Vlk

Scpa(x) | |(n+1) pu(x)—nx|
L0 e
Jn
Now, note that for 0<v<a<]l, hA(xT)=f(v*), h(x")=f(v"),
A(x)=f(v), and A(x)=f(v). Furthermore, Vi(g)=V;(g}) where

flu)y—f(v+) if 1zu>v
(u)—g

|4, 1(h x) = h(x)| <

if u=v

flw)=fiv™) if 0<u<y,

[vf (L=v) ywk+1- Jm[o,l], k=1,2, .,
Jek=(1=v)’ ﬁc+1—v

and I§ = [0, 1]. Hence,

2K,.+1(V/(1 v+ 17!

P v) = (9) : T Vite?)
Sepa(v/(1—))
S0 T av)
4 2ot/ ﬁ:) 7o) (5.2)

where £,(v) =1(n+ 1) g, (v/(1 =) = mv/(1 = V)|/(/270,(v/(1 = ))).

We may remark in passing that if v is a continuity point of f, then
asymptotically the above bound is essentially the best possible. To verify
this, let

p(u)=u—v| forue[0,1],ve (0, 1).

Now g*(u)=p(u), and Ti_oV,(g*) <A +4/n where 1,1, are
constants. Since, Kn+1(v/(l—v))=d(1), the right-hand side of (5.2) is
O(1/,/n). On the other hand,

Pn(p’ v)r‘E{h(an+1Sn+l)}
Sn+l
n+Sn+l

-V

>
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where v=x/(1+ x). And for 7= v(1 —v)?

S wea
ﬁ( nt —v> 2, N, 1),

n+Sn+l

where N(0, v) is a normal random variable with mean 0 and variance v.

Also, \/;z [S..1/(n+S,,)—v| are uniformly integrable random variables.
Consequently,

I Pp,v)—p(v)] = E 'f( )l

n+Sn+l

/2
- E|NQO,17)|= [-1
T

5.3. Bernstein Power Series (Unmodified)

For the sake of completeness, analogous results are provided for Z,(f, v).
By Theorem 1, for continuous f

1Z,(f,v)=f ) =4, , 1(h, x) = h(x)]

<1+Kn+1<liv)>w(f,ﬁ>,

K*, (x)=x(1+x)(1 —* —2w*x)+ (n+ 1)(x(1 + x) ©*)°.

which verifies the asertion.

where

By Theorem 2, for continuous and convex functions f, n=3, 4, ...,
K, (fiv)=A4,_1(h x)=A4,(h x)=K,_(f,v)
Finally by Theorem 4, for fe BV[O0, 1],

2K (/1 =v))+17E] e B M
n Z Vlk( J+————— \/‘ 7(

1Z,(f,v)—fF)I <

where {*(v)=n|u,(v/(1 —v)) — v/(1 = v)I(y/270,(v/(1 = v))) and

Sep(v/(1—v))

6 = 231 =)

Again, if v is a continuity point of f, then asymptotically the above
bound is essentially the best possible.
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